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1 Introduction

A neutron striking a nucleus may elicit a number of different reactions. The types of reactions may
be broadly divided into absorption and scattering reactions. Absorption reactions are those in which the
neutron is integrated into the nucleus, forming a new nucleus. Normally this results in an excited, unstable
nucleus. The most common way for the nucleus to alleviate the pressure of the new nucleon is through
emission of a photon. The neutron never re-emerges, so this type of reaction is called a capture reaction.
For fissile isotopes, the absorption process normally causes the nucleus to split violently into two pieces,
or in other words, fission.

Scattering-type reactions can be broadly divided into two categories: elastic and inelastic. Elastic
scattering may be viewed as a classical collision between two solid, non-deformable objects. Billiard
balls are the prototypical example. Because neither object is "deformed" or excited, energy and linear
momentum are conserved in the system. This is in contrast to inelastic collisions.

In inelastic scattering reactions, the neutron is actually temporarily absorbed into the nucleus, bringing
the nucleus to a compound, excited state. The compound nucleus then relaxes by emitting both a neutron
and a photon within a small fraction of a second. The absorption-reemission process is so fast (with respect
to all other time scales of neutron transport) that it may safely be regarded as instantaneous. Because
of the photon emission, neither the kinetic energy nor the momentum of the neutron-nucleus system is
conserved.

Nuclear interactions are typically labeled by identifying the target nucleus, the incoming projec-
tile/particle, particles emitted after the reaction, and the nucleus remaining when the dust settles. For
example, given a nucleus A that is struck by a particle p leading to the emission of particle ¢ and a new
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2 SCATTERING REACTIONS

nucleus B one would write A(p,q)B. If the nuclei A and B are implicitly assumed then we may simply
identify the reaction as a (p, q) reaction. Thus our reaction hierarchy so far may be written as

e Absorptions

— Capture, (n,7)
— Fission, (n, f)
e Scattering
— Elastic scattering, (n,n)

— Inelastic scattering, (n,n’)

Note that we have abused the original notation somewhat (this is standard) by writing f in place of
an ejected particle to denote fission. We have also written n’ as the ejected particle in inelastic scattering
as a reminder that the ejected particle will in general not be the same neutron that struck the nucleus. In
some cases, high-energy inelastic scattering reactions may in fact yield more than one neutrons, in which
would be denoted (n,2n), (n,3n), etc. with no apostrophe on the ejected particles.

2 Scattering Reactions

To describe the kinematics of neutron-nucleus scattering we will begin with several assumptions.

1. Relativistic effects can be neglected. The kinetic energies of neutrons emitted from fission are low
enough so that the space-time effects described by relativity may be neglected.

2. Neutron-neutron interactions will be neglected. Because the density of nuclei in a reactor is much
higher than the density of neutrons, neutrons are much more likely to collide with nuclei than they
are with other neutrons.

3. Neutrons travel in straight lines between collisions. This assumption holds because neutrons are
neutrally-charged particles and the effect of gravity on neutron trajectories is negligible.

4. Reactors materials are isotropic. This means that a material has no preferred orientation. On the
scale of neutron-nucleus interactions in a reactor this is a valid assumption.

2.1 Scattering Kinematics

Let us now consider the specific kinematics associated with scattering.
V., V!, : initial and final velocity of the neutron.

E, E’ : initial and final kinetic energy of the neutron.

V4, V', : initial and final velocity of the nucleus.

We also define the angles v, 6, and v as shown in Figure [T}
The analysis of scattering kinematics is greatly simplifed by working in the center-of-mass reference
frame (CM) rather than the laboratory reference frame (LAB). The origin in the CM reference frame is

1
reyp = T—l—l (rp, + Ary) (1)
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2.1 Scattering Kinematics 2 SCATTERING REACTIONS

Figure 1: Neutron-nucleus collision in LAB coordinates.

where r,, and r4 are the positions of the neutron and the nucleus, respectively, and A is the atomic mass
ratio of the nucleus (i.e., the ratio of the mass of the nucleus to the mass of the neutron). Consequently
we may deduce that the origin of the CM system is moving with a velocity of

1
Veu = A+l (Vi +AVa). (2)

The velocities of the neutron and nuclear in the CM system are given by the following relations:

vo,=V,—Veou (3a)
V;L = V;L —Vou (3b)
va=Va—Veou (3¢)
vy =V —Veou (3d)

We will also define the relative velocity between the neutron and nucleus, which is the same in both the
CM and LAB systems:

Vp=V,—-Vy (4)

This definition allows us to write the CM neutron and nucleus velocities as

A
Vi S G VR (52)
-1
=V b
va= 4V (5b)

Thus in the CM system, both neutron and nucleus are moving along the same line in opposite directions
before the collision, as shown in Figure
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Figure 2: Neutron-nucleus collision in CM coordinates.

Consider now the kinetic energy of the system before the collision. Letting the variable, e, denote the
kinetic energy of a particle in the CM system (i.e., relative to the CM velocity) we have

€n + €4 = €exc (6)

where the subscripts are used in the same way as they were in the velocity variables. The new variable eqyc
is called the excitation energy, which is the energy that is available for the reaction, and may be written

1 mA _,

Coxe = 5 A7 VR (7)

where m is the mass of a neutron.

2.2 Elastic Scattering

We will now assume that linear momentum is conserved through the collision. In the LAB system this
means

V,+ AV, =V, + AV, (8)

By using the definitions in Eq. we see that this relationship carries over to CM system, allowing us to
write

Vi + Ava = v, + AV 9)

Writing the left-hand-side of this expression (i.e., the pre-collision linear momentum) in terms of the
relative velocity reveals that net linear momentum both before and after the collision is zero:

A A
—Z Vip-—-2Vp=0 1
Ar1 B a4 "R (10)
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Vem

Figure 3: Relationship between final neutron velocities in LAB and CM.

This means that

vy, = —Avy, (11)

!/

vl = —AV/,. (12)

Let us now additionally assume conservation of kinetic energy before and after the collision. That is,

en+ea=e, +e4 = eexc (13)
Using Eq. , we find that
A
vy =V, = A+1VR’ (14)
and
1
UA:U;‘:A—FIVR. (15)

2.2.1 Stationary Target Nucleus

Consider the special case where target nucleus is stationary, i.e. V4 = 0. From the previous section we
know that

1
VCM = T_’_lvn, and (16)
A
— =
Up =0, = A—i—an' (17)

We can sketch a diagram of the relationship between the LAB and CM velocities and the velocity of the
center-of-mass.
From this diagram, we can apply the law of cosines to find

Vi =V + vy + 2V, cos(t — o) (18)
which simplifies to
A%+ 1 A
\Va 2 \ 72
W= (A+1)2 * (A+1)2 cos(¢)| Va- (19)

An immediate implication of this expression is the relationship between the final and initial kinetic energies
of the neutron and the scattering angle in the CM system:
E, V2?2 (14a)+(1—a)cos(p)

Bn VI > (20)
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where

A-1)?
_ 21
“ <A ¥ 1> (21)
To understand this a bit better let’s consider a few limiting cases.

A =1 : This is the case of a neutron scattering off a hydrogen nucleus, and o = 0. For a glancing collision,
the angle of deflect (¢ or 6) will be very small. Thus E/, ~ F,, and no appreciable energy is lost in
the collision. For a direct hit, in which case the neutron bounces straight back (¢ = 6 = 7) we have
$E.’ = 0$-the neutron lost all of its energy in a single collision.

A >>1: In this case the neutron hits something big, and « ~ 1. Under these circumstances E! ~ E,
regardless of the deflection angle. Think of throwing a tennis ball against a brick wall.

Another important ramification is that for any fixed size of the target nucleus, A, their is a limited
range of possible final energies for the neutron. The largest energy loss will occur when the neutron is
scattered directly backward, in which case E] = «aE,. On the other hand, for a small-angle glancing
collision, the final energy will be only slightly less than the initial energy and E!, ~ E,. Note that under
our current assumptions (namely, that the target nucleus is stationary) the neutron will never gain energy.

The preceding work shows us that the amount of energy lost by a neutron depends on the mass of
the target nucleus and the cosine of the deflection angle in the CM system. We can derive a similar
relationship between the energy loss and the cosine of the deflection angle in the LAB system, which is
often more useful from simulation perspective.

Again starting with the diagram and using the law of cosines we have

V2 =V 4 V2 — 2V Ve cosf. (22)
This simplifies to
AN s 2 L 2
L. = — — — = V'V, cos. 2
<A+1> Vi =V, +<A+1> v, A+1an cos 0 (23)

Multiplying by the mass of a neutron squared divided by four (to get an expression in terms of energies)
and solving for cos 6 yields

1 E 1 E,

2.3 Reactions Involving a Compound Nucleus

Elastic scattering may be viewed a billiard ball collision. The neutron and nucleus exchange kinetic energy
and linear momentum but nothing else. In collisions such as inelastic scattering, neutron capture, and
fission however, the neutron and nucleus combine to form a new, compound nucleus. Moreover, this
compound nucleus will generally be in an ezcited state, having received additional internal energy from
the collision. We may write such a reaction as

2X +in— 5X” (25)

where the * symbol is used to indicate an excited state. The first reaction in this process is the absorption
of a neutron into the target nucleus. The resultant excited nucleus will then decay, generally on a time
scale of 107 to 102! seconds.

There are two sources of the excitation energy in a compound nucleus. First, there is the kinetic
energy that is available to the reaction. This energy, eexc, is the total pre-collision kinetic energy of the

ENGY 5050, Nuclear Reactor Physics, UMass Lowell



2.4 Inelastic Scattering 2 SCATTERING REACTIONS

€exc

A+1
70X

Figure 4: Formation of a compound nucleus following neutron capture. The decay channels shown are (I)
inelastic scattering, (2) elastic scattering, and (3) radiative capture.

neutron and nucleus in the CM reference frame. Second, there is a potential source of energy arising from
the change in binding energy between the original and compound nuclei. This change in energy may be
expressed as

ABE = [M(A,z) +m, - M(A+1,2)] ¢ (26)

where M (A, Z) is the mass of nucleus ‘gX, m,, 1s the mass of the neutron and c is the speed of light in a
vacuum. Thus the total energy available to the reaction is eexc + ABFE.

Figure |4] shows a cartoon depicting the excitation of a nucleus following neutron capture and three
possible de-excitation processes (also called decay channels). Elastic scattering has already been discussed,
and as we will see, can be treated as a special case of inelastic scattering, which we will now discuss.

2.4 Inelastic Scattering

Inelastic scattering involves the formation of a compound nucleus which subsequently decays through the
emission of a neutron and one or more photons (y rays):

AX +in = 41X 5 24X +in 4y (27)

The presence of the photon at the end of this reaction clearly indicates that energy has not been conserved
between the neutron-nucleus pair. What has happened instead, is that upon ejection of the neutron, the
éX was actually left in an excited state and emitted one (or more) photons to return to the ground state.

ENGY 5050, Nuclear Reactor Physics, UMass Lowell
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When considering the energetics of inelastic scattering, note that the final nucleus is simply the original
target nucleus. Thus the role of the change in binding energy has no net effect on the energy of the system.
There was eexc energy available before the collision (from the kinetic energy of the neutron and nucleus)
and there is still eexe energy available after the collision, although the photon has appeared and claimed
part of the available energy.

A second consideration is that for the compound nucleus to decay into an excited state, there must have
been at least enough energy, eqxc, to bridge the gap between the ground and the first excited state of the
original nucleus. Otherwise there would not have been enough energy available after the neutron emission
for the target nucleus to be in an excited state! This type of reaction is known as a threshold reaction,
because the energy of the colliding pair must meet a certain "threshold" value before the reaction can take
place. Note that if the compound nucleus emits a neutron and returns the target nucleus to its ground
state, then there is no photon emission (which is only a result of de-excitation), thus the total energy of the
reaction eqyc is shared between the neutron and nucleus as kinetic energy. This, however, implies overall
conservation of kinetic energy between the neutron and nucleus, thus it is an elastic scattering event!

2.5 Radiative Capture

A radiative capture reaction is essentially an inelastic neutron scattering without the neutron. That is, the
target nucleus absorbs a neutron then de-excites simply by emitting one or more photons:

?X + én — ’§+1X* + v (28)

Note that the total amount of energy to be relieved through the emission of photons is eexe + ABE.

2.6 Fission Reactions

In a fission reaction, the energy eexe + ABE is enough to overcome the fission barrier (which is an
energy threshold), and the nucleus splits into two fragments plus several free neutrons and photons. The
nuclear configuration of the fission fragments and the number of free neutrons emitted are both statistical
quantities.
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4 Problems

1. In the formation of a compound nucleus, why is the available energy equal to ey, the energy in the
CM system, rather than the total kinetic energy in the LAB system?

2. Show that conservation of linear momentum in the LAB system implies conservation of linear mo-
mentum in the CM system.

3. Show that conservation of energy in the LAB system implies conservation of energy in the CM
system.
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